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SUPPORTS OF CONTINUOUS FUNCTIONS

BY
MARK MANDELKER(*)

Abstract. Gillman and Jerison have shown that when X is a realcompact space,
every function in C(X) that belongs to all the free maximal ideals has compact
support. A space with the latter property will be called p-compact. In this paper we
give several characterizations of p-compact spaces and also introduce and study a
related class of spaces, the y-compact spaces; these are spaces X with the property that
every function in C(X) with pseudocompact support has compact support. It is shown
that every realcompact space is ¥-compact and every y-compact space is u-compact.
A family & of subsets of a space X is said to be stable if every function in C(X) is
bounded on some member of #. We show that a completely regular Hausdorff space
is realcompact if and only if every stable family of closed subsets with the finite
intersection property has nonempty intersection. We adopt this condition as the
definition of realcompactness for arbitrary (not necessarily completely regular
Hausdorff) spaces, determine some of the properties of these realcompact spaces, and
construct a realcompactification of an arbitrary space.

1. Introduction. The support of a real continuous function f on a topological
space X is the closure of the set of points in X at which f does not vanish. Gillman
and Jerison have shown that when X is a realcompact space, the functions in C(X)
with compact support are precisely the functions which belong to every free maximal
ideal in C(X). This result, and other general background material, may be found
in our basic reference [GJ].

A space with the property of the Gillman-Jerison result will be said to be u-
compact. Other writers have shown that discrete spaces (Kaplansky [K;, Theorem
28]), P-spaces (Kohls [K,, Theorem 3.9]), and spaces that admit complete uniform
structures (Robinson [R,]) are u-compact. Examples given in [GJ] show that not
every space is p-compact, and not every pu-compact space is realcompact.

In this paper we show that a third class of spaces may be interpolated between
the realcompact and p-compact. This class, of $-compact spaces, consists of those
spaces X for which every function in C(X) with pseudocompact support has
compact support. Examples will be given to show that the three classes of spaces are
distinct. Every P-space (hence every discrete space) and every space that admits a

Received by the editors December 19, 1969.

AMS 1970 subject classifications. Primary 46E25, 54C40, 54D60; Secondary 54D10,
54D30.

Key words and phrases. Support, continuous function, compact support, pseudocompact
support, free maximal ideal, realcompact space, u-compact space, y-compact space, relatively
pseudocompact subset, stable family, round subset, realcompactification.

(*) The author gratefully acknowledges support from the National Science Foundation
under Grant NSF-GP-9630.

Copyright © 1971, American Mathematical Society

73



74 MARK MANDELKER [May

complete uniform structure is -compact; thus the result that every y)-compact
space is u-compact is a common extension of the results of Kaplansky, Kohls, and
Robinson. We also give several characterizations of u-compact spaces.

A characterization of realcompact spaces is obtained here which permits the
concept of realcompactness to be extended to spaces which are not necessarily
completely regular Hausdorff, and for which the main results of this paper and
many of the properties of realcompact spaces are still valid. Defining a family #
of subsets of a space X to be stable if every function in C(X) is bounded on some
member of &, we show that a space X is realcompact if and only if every stable
family of closed subsets with the finite intersection property has nonempty inter-
section. For completely regular Hausdorff spaces we show the equivalence of this
condition and the usual definition of realcompactness, while for arbitrary spaces
we adopt this condition as the definition of realcompactness. We determine some
of the properties of these realcompact spaces and construct a realcompactification
of an arbitrary space.

The author wishes to thank L. Gillman, D. G. Johnson, D. Plank, and the referee
for helpful comments concerning this paper.

2. Supports. In any topological space X, the support of a function fin C(X) is
the set S(f)=cly {x € X : f(x)#0}. Any subset of X that is the support of some
function in C(X) is called a support in X. An arbitrary closed set in X, even a zero-
set, need not be a support. For example, a nonempty nowhere dense set is never a
support.

We are interested in functions with compact support. A weaker condition on a
subset S of X is that it be pseudocompact, i.e., every function in C(S) is bounded.
Still weaker is the following condition.

DEFINITION. A subset S of a space X is relatively pseudocompact in X if every
function in C(X) is bounded on S.

Theorem 2.1 below shows that for supports this condition is equivalent to
pseudocompactness. The equivalence does not hold for arbitrary subsets of X, not
even for closed subsets. For example, the Tychonoff plank T (see [GJ, 8.20]) is a
pseudocompact space, and hence every subset is relatively pseudocompact;
however, the right edge N (which is closed in T) is a countably infinite discrete
space, and thus not pseudocompact. In a normal space, of course, the two con-
ditions are equivalent for any closed subset.

The following theorem says that if a support S in X admits an unbounded con-
tinuous function, then some unbounded continuous function on .S may be extended
continuously over X.

THEOREM 2.1. In any topological space X, any relatively pseudocompact support
is pseudocompact.

Proof. Let S be a support in X that is not pseudocompact; thus S=cly (X—2)
for some zero-set Z in X, and there is a function A= 1 in C(S) that is unbounded,
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hence unbounded on X—Z. It follows from [GJ, 1.20] that X—Z contains a
C-embedded subset D of S on which 4 is unbounded, and thus from [GJ, 1.18] that
D is completely separated from the zero-set W=Z N Sin S; hence we may choose
ge C(S) withg=0o0n Dand g=1on W.Putf=(1/h)vgon Sand f=1o0n X—-S.
Clearly fe C(X), f>0, and 1/f is unbounded on D. Thus S is not relatively
pseudocompact.

COROLLARY 1. Any support in a pseudocompact space is also pseudocompact.

COROLLARY 2. For any topological space X, the family of all real-valued con-
tinuous functions with pseudocompact support is an ideal (possibly improper) in
C(X); itis all of C(X) if and only if X is pseudocompact.

When X is a completely regular Hausdorff space, it is clear that a subset S of X
is relatively pseudocompact if and only if cl,x S is compact, where v.X is the Hewitt
realcompactification of X (see [GJ, 8E]). Thus, in the case of a completely regular
Hausdorff space, Theorem 2.1 follows from a result of A. W. Hager and D. G.
Johnson [H;, p. 96}, [C,, Theorem 4.1], which shows, in fact, that in this case, if
the closure of any open set is relatively pseudocompact, then it is pseudocompact.
In the case of a support, the proof given in [C,] applies to an arbitrary topological
space; the proof given above, however, seems simpler. Also, the result as stated
above for supports is sufficient for use in the proof of Theorem 4.4 in [C,]. Other
properties of relatively pseudocompact sets may be found in [N,].

THEOREM 2.2. Let X be any topological space. Every function in C(X) that belongs
to all the free maximal ideals has pseudocompact support.

Proof. Let fe C(X) with nonpseudocompact support S. Thus S is not relatively
pseudocompact and X— Z(f) contains a C-embedded subset D of X on which some
g € C(X) is unbounded. Since D is completely separated from Z(f), there is a
zero-set Win X with D Wand W n Z(f)= . For every n € N, the zero-set Z,,
of points in X at which |g| 2 n, meets W, and thus there is a z-ultrafilter # on X
containing W and all the sets Z,. Obviously (), Z,= @ ; hence .# is free and f does
not belong to the corresponding free maximal ideal.

In the case of a completely regular Hausdorff space, this result is essentially the
content of the lemma in [R,]. In fact, in this case the proof may be simplified by
noting that W is not compact, and hence belongs to some free z-ultrafilter, by the
following result of [G]J, 4.10].

(@) A zero-set in a completely regular Hausdorff space is compact if and only if
it belongs to no free z-filter.

The proof above actually provides the following analogue for arbitrary spaces of
the sufficiency in (a). A zero-set that belongs to no free z-filter is relatively pseudo-
compact. The converse of this result, however, is not true; for example, in any
pseudocompact, noncompact, completely regular Hausdorff space X, the set X
itself is a relatively pseudocompact zero-set that does belong to a free z-filter.
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3. y-compact spaces. It is easily seen (see, e.g., [GJ, 7E]) that every function in
C(X) with compact support belongs to every free maximal ideal in C(X). When the
converse holds we shall call X u-compact. Thus

DEFINITION. A space X is u-compact if any function in C(X) that belongs to all
the free paximal ideals has compact support.

In [GJ, 8.19] it is shown that every realcompact space is u-compact, and a
counterexample to the converse is given. We show below that between these classes
of spaces we may interpolate the following third class.

DEFINITION. A space X is -compact if every function in C(X) with Yeudocom-
pact support has compact support.

THEOREM 3.1. For any space X, each of the following conditions implies the next.
The converses are not true.

(1) X is realcompact.

(2) X is $p-compact.

(3) X is u-compact.

Proof. Every closed subspace of a realcompact space is realcompact [GJ, 8.10],
and any pseudocompact realcompact space is compact [GJ, SH]. Hence (1) implies
(2). Theorem 2.2 shows that (2) implies (3). The counterexamples to the converses
are given below.

A P-space is a completely regular Hausdorff space in which every G, is open.
Every discrete space is a P-space, but not conversely; see [GJ, 4JKN].

THEOREM 3.2. Every P-space and every space that admits a complete uniform
structure is y-compact.

Proof. Every subspace of a P-space is a P-space, and every pseudocompact
P-space is finite [GJ, 4K].

Every closed subspace of a complete space is complete, and every pseudocompact
complete space is compact [GJ, 15CQ].

If X is metrizable, then since it admits a complete structure [GJ, 15.24], it is
y-compact. However, this also follows directly from the fact that any pseudo-
compact metrizable space is compact.

Since X itself is always a support, the following is immediate.

THEOREM 3.3. Every pseudocompact y-compact space is compact.

ExampLE 1. The P-space X constructed in [GJ, 9L] is not realcompact; hence
not every y-compact space is realcompact. Since X is of nonmeasurable cardinal,
Shirota’s Theorem [GJ, 15.20] shows that X does not admit a complete uniform
structure. Thus not every y-compact space admits a complete uniform structure.
Hence, if measurable cardinals exist, the class of spaces that admit complete
structures lies properly between the classes of realcompact spaces and )-compact
spaces.



1971] SUPPORTS OF CONTINUOUS FUNCTIONS 71

ExAMPLE 2. The space of countable ordinals is p-compact, as noted in [GJ, 8.19],
but since it is pseudocompact (and not compact), it is not $)-compact; hence not
every p-compact space is y¥-compact. This also shows that a pseudocompact u-
compact space need not be compact (cf. Theorem 3.3).

4. p-compact spaces. In this section we give a few characterizations of u-
compact spaces. One of the characterizations involves the following concept. When
X is a completely regular Hausdorff space, a subset 4 of the Stone-Cech compactifi-
cation BX is said to be round if whenever clgx Z contains 4, where Z € Z(X), then
clgx Z is a neighborhood of 4 (see [M]).

THEOREM 4.1. A subset A of BX is round if and only if, for any Z € Z(X),
intA (clez N A) = inth clﬂxz N A.

Proof. Necessity. Let peint,(clsxZ N A). Choose We Z(X) such that
p € A—C]ﬂx WSC]BXZ N A. Thus ASC],gX Z V) Clﬂx W—_-clﬂx (Z v W), and by
hypothesis we have A<intgy clyzx (Z U W). Hence

peintgy clyx (ZU W) N (BX—clgx W) < clgx Z,

so peintgy clyx Z. Thus int, (clyx Z N A)<Sintyx clyx Z N A. The opposite in-
clusion is immediate.

Sufficiency. Let A<=clyx Z for some Ze Z(X). Then A=int, (clzgx Z N A)
=intzyx clzx Z N A and hence clgyx Z is a neighborhood of A4.

THEOREM 4.2. For any completely regular Hausdorff space X, the following are
equivalent.

(1) X is p-compact.

(2) BX— X is a round subset of BX.

(3) For any Z € Z(X), intyx_x (Clyx Z— X)=intgx clyx Z— X.

(4) Every cozero-set with noncompact closure contains a noncompact zero-set.

(5) Any function in C(X) that belongs to all the free maximal ideals has real-
compact support.

Proof. The equivalence of (1) and (2) was noted in [M, Theorem 5.1]. The
equivalence of (2) and (3) is a special case of Theorem 4.1. A function belongs to
every free maximal ideal if and only if its zero-set meets every noncompact zero-set
[GJ, 4E.2]; hence (1) and (4) are equivalent. The equivalence of (1) and (5) follows
from Theorem 2.2.

Condition (3) cannot be extended by replacing the sets cl;x Z, for Z e Z(X)
(which form a base for the closed sets in BX) by arbitrary closed sets in BX. For
example, the condition does not hold for the closed subset BR—R of SR.

The fact that (1) implies (3), and the method used in the proof of Theorem 4.1,
is due to Donald Plank [P, 5.1].
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Other characterizations of u-compact spaces may be found in [R;]. The condition
(5) above is essentially condition (2) of [R,].

It was noted in §3 that a metrizable space is )-compact (and hence u-compact).
That it is u-compact also follows directly from condition (4) of Theorem 4.2: if U
is open and cly U is noncompact, then cly U contains a sequence {x,}, with no
convergent subsequence; thus a set {y, : n=1} of points of U chosen so that
p(¥ns x,) = 1/n is a noncompact closed set in X.

In Example 2 we used the fact, noted in [GJ, 8.19], that the space W of countable
ordinals is p-compact. This is also easily seen by using condition (2) of Theorem
42. If fe C(W) and w, eclyw Z(f), then f must vanish on a tail and hence
clyw Z(f) is a neighborhood of w;. Thus {w,}=BW —W is a round subset of SW.

We saw in Example 2 that pseudocompactness and u-compactnesss together do
not imply compactness. However, in the following special case, the implication
does hold.

THEOREM 4.3. Let Y be any locally compact, o-compact metrizable space (e.g.
the line), and let Y= X<BY. If X is pseudocompact and p-compact, then X=8Y.

Proof. Let X be u-compact and X#BY. Since Y is a cozero-set in B, it is also a
cozero-set in X. Choose a noncompact zero-set Z in X with Z< Y. Since Y is
metrizable, Z is C*-embedded in Y and is not pseudocompact. Hence Z is C*-
embedded in X and since it is a zero-set in X, it is C-embedded in X. Hence X is not
pseudocompact.

5. Realcompact spaces. Heretofore, these spaces have been defined only in the
context of completely regular Hausdorff spaces—see [GJ, 5.9 and 8.4].

By means of the characterization of realcompact spaces given in Theorem 5.1
below, we may (consistently) define realcompactness for arbitrary topological
spaces. Under the definition given, the properties of realcompact spaces needed for
the proof of Theorem 3.1 remain valid, and hence Theorem 3.1 is true in the general
case. The definitions of ¥-compact and p-compact spaces apply to the general case
as given, as does characterization (5) of u-compact spaces given in Theorem 4.2.

DEerINITION. We shall say that a family & of subsets of a space X is stable if
every function fin C(X) is bounded on some member of &#.

THEOREM 5.1. A completely regular Hausdorff space is realcompact if and only
if every stable family of closed subsets with the finite intersection property has
nonempty intersection.

Proof. Let X be realcompact and suppose & is a family of closed subsets of X
with the finite intersection property, but with empty intersection. Then the family
{clgx F: Fe#} of closed subsets of BX has the finite intersection property, and
we may choose p € BX with p € clzx F for all Fe . It follows that p e BX— X and
thus there is f € C(X) with f*(p)=co. Thus fis unbounded on each member of &,
and hence & is not stable.
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Now assume that X is not realcompact. Thus there is p € X — X such that f*(p)
is finite for all fe C(X). Let . be the (free) z-ultrafilter on X that converges to p;
it consists of all zero-sets Z in X such that p € clgx Z. Thus ./ is a family of closed
subsets of X with the finite intersection property and empty intersection. Let
fe C(X). Since f*(p) is finite, f* is bounded on some zero-set neighborhood W of
p in BX. Since p e clyx (W N X), we have W N X € A4 with f bounded on W N X.
It follows that . is stable.

This result may perhaps be considered a partial reply to Hewitt’s comment:
“These spaces, which we have called Q-spaces, are characterized by no topological
property so simple as bicompactness; indeed, their description may be considered
somewhat recondite,” [Hs, p. 85]. There are of course other characterizations of a
realcompact space, but this characterization, when used as a definition in the
general case, allows us to extend Theorem 3.1. Specifically, the condition of this
characterization is hereditary for closed subspaces, and, in the presence of pseudo-
compactness, implies compactness. Other characterizations of realcompact spaces
are found in [GJ], [Hg], [Hs), [N;], and [W]. An internal characterization has
recently been found by Douglas Harris [H.]. The author wishes to thank Professor
M. C. Rayburn for pointing out that a special form of Theorem 5.1 was observed
in [F].

The characterization given in Theorem 5.1 permits the following extension of the
class of (completely regular Hausdorff) realcompact spaces.

DEFINITION. A topological space X is realcompact if every stable family of closed
subsets with the finite intersection property has nonempty intersection.

The following results extend some of the well-known properties of realcompact
completely regular Hausdorff spaces to the general case. In applying the terms
“compact” and “regular” to a space, we do not imply that the space is Hausdorff.

THEOREM 5.2. (a) Any compact space is realcompact.

(b) A pseudocompact realcompact space is compact.

(c) Every closed subspace of a realcompact space is realcompact.
(d) Any product of realcompact spaces is realcompact.

Proof. The first three statements are immediate.

For the product theorem, we adapt the proof given in [GJ, 8.12]. Let X=TT], X,
where each space X, is realcompact, and let # be a maximal stable family of closed
subsets of X with the finite intersection property. For each «, let &%, be the family of
all closed subsets G of X, such that n,~[G] € Z#. If g € C(X,), then g om, € C(X);
choose F e # and a closed bounded subset H of the line such that F<(g o =)~ [H].
Then =, [g"[H]] € #, so g is bounded on g-[H] € %, Thus %, is a stable family
of closed subsets of X, with the finite intersection property. For each «, choose
X¢ €[\ %, and let x denote the point (x,) of X. Let F=, m,,~[G] be a basic
closed set with F e #, where G, is a closed set in X,,, 1 <i<n. By the maximality
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of #, one of the sets =, [G,] belongs to #; hence G, € %, s0 x,, € G, and x € F.
Hence ¥ # .
For arbitrary spaces we have the following weakened form of [GJ, 8.16].

THEOREM 5.3. A space which is the union of a compact subspace and a C-embedded
realcompact subspace is realcompact.

Proof. Let X=K U Y with K compact and Y realcompact and C-embedded in
X. Let # be a stable family of closed subsets of X with the finite intersection
property. We may assume that & is closed under finite intersections. If every
member of # meets K, then clearly # has nonempty intersection. If some member
of # does not meet K, then ¥={FN Y : Fe %} is a family of closed subsets of
Y with the finite intersection property. Clearly & is stable; hence (| ¥# @ and
also N F # 2.

The following result extends [GJ, 8A]. Another extension will be given in Corol-
lary 6.2.

THEOREM 5.4. A C-embedded realcompact subspace of a Hausdor{f space is closed.

Proof. Let X be a C-embedded subspace of a Hausdorff space T that is not closed
and let p be a limit point of X not in X. Let & be the family of all (closed) subsets
of X of the form F N X, where F is a closed neighborhood of p in T. It follows that
& is a stable family with the finite intersection property, but empty intersection,
and hence X is not realcompact.

Let X be any space, and let X, be the completely regular Hausdorff space
obtained in [GJ, 3.9], with C(X,,)~ C(X).

THEOREM 5.5. If X is realcompact, then X, is also realcompact. The converse is
not true.

Proof. Let # be a stable family of closed subsets of X, with the finite inter-
section property. Put ¥={r-[F]: Fe ¥}, where 7: X — X_, is the canonical
mapping. Clearly ¢ is a stable family of closed subsets of X with the finite inter-
section property; hence (1) 4# @ and thus (") # # @. Hence X, is realcompact.

ExAMPLE 3. For a counterexample to the converse, let X be the regular space of
[H,] on which every real continuous function is constant. It is shown in [H,] that
X is Ty, hence not compact, and thus since it is pseudocompact, it is not realcom-
pact. However, X, consists of a single point, and is thus realcompact.

The failure of the converse is not to be lamented. It is desired that Theorem 3.1
be true in the general case, and clearly the space X of this example is not )-compact,
and hence must not be realcompact under any definition we might adopt. Since
C(X)~x C(X,,), no definition of realcompactness that preserves Theorem 3.1 can
be algebraically invariant.

A different extension of realcompactness has been given in [D], but under which
some of the properties of realcompact spaces, for example Theorem 3.1, are lost.
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6. The realcompactification of an arbitrary space. In this section we obtain a
generalization of the Hewitt realcompactification vX of a completely regular
Hausdorff space (see [GJ, Chapter 8]), except that we are able to prove extend-
ability only for continuous mappings into regular realcompact spaces.

THEOREM 6.1. Every topological space X has a realcompactification vX, which is
a realcompact space in which X is dense and C-embedded. Every continuous mapping
Jfrom X into any regular realcompact space may be extended continuously over vX.
The space X itself is realcompact if and only if X=vX.

Proof. We shall omit those details which are the same as steps in the proof of
the existence of the Stone-Cech compactification of a completely regular Hausdorff
space given in [GJ, Chapter 6], on which this proof is patterned.

For any x € X, we shall let #* denote the family of all closed subsets of X that
contain x. Clearly #* is stable. (Note that X is a Ty-space if and only if the corres-
pondence x — & * is one-one. Also, a Ty-space is a T;-space if and only if each #*
is a maximal family of closed subsets with the finite intersection property.)

Let vX— X be an index set for the collection {#? : p e vX— X} of all maximal
stable families of closed subsets of X with the finite intersection property and
empty intersection.

For any closed set F< X, put F={p e vX : Fe #?}; topologize vX by taking
these sets F as a base for the closed sets. We have F N X=F and F=cl,x F; thus
X is a subspace of vX and is dense in v.X.

Let 7: X — Y be a continuous mapping, with Y regular and realcompact. For
any p e vX, let 4” be the family of all closed subsets G of Y such that 7-[G] e #>.
Let g C(Y); then go 7€ C(X), so g 7 is bounded on some member F of F>.
Thus FS(g o 7)~[H], where H is some closed bounded subset of the line. It follows
that +~[g-[H]] € #* and hence g~ [H] € ¥7; thus g is bounded on a member of
@®. Hence %7 is a stable family of closed subsets of Y with the finite intersection
property. Choose ye () 9 and put %p=y (if pe X, then rpe (") 4* and we
choose y=7p; thus 7° extends 7).

To establish the continuity of 7° at a point p € vX, let ¥ be any closed neighbor- -
hood of 7°p in Y. Put T=Y—int ¥, A=+"[V], B=7"[T], and U=vX—B. Since
°p ¢ T, we have T ¢ 9%, so B¢ %7 and U is a neighborhood of p in vX. We have
VUT=Y,s0 AU B=vX and Uc 4. Now if g€ U, then g€ 4 and 4 € #9; hence
Ve %?and % € V. Hence °[U]< V, and 7° is continuous at p.

To show that vX is realcompact, consider any stable family ¢ of closed subsets
of vX with the finite intersection property. Let & be the family of all closed subsets
F of X such that F contains some member of . Let fe C(X) and choose G € %
such that f* is bounded on G. Say |[f°|<n on G. Put A={xeR: |x|<n},
B={xeR: |x|2n},and F=f“[A]. Let p € G and suppose F ¢ #*. Since 4 U B=R,
we have F U f<[B]= X, and thus f~[B] € #*. It follows from the definition of the
extension f* that f°(p) € B, contradicting the choice of p and n. Hence Fe #?, so
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pe F. Thus GSF, and F € #. Since f'is bounded on F, it follows that & is a stable
family of closed subsets of X with the finite intersection property; hence # < %?
for some p € vX and we have p € Ffor every F € #. Since the sets F form a base for
the closed subsets of vX, we have p € () ¥. Hence vX is realcompact.

The following result extends the characterization given in [GJ, 8A].

COROLLARY 6.2. A regular Hausdorff space is realcompact if and only if it is
dense and C-embedded in no other Hausdorff space.

Proof. The necessity is a special case of Theorem 5.4. Conversely, if X is regular
and Hausdorff but not realcompact, then for any p € vX — X, the space X U {p} is
Hausdorf.

ExampLE 4. There is no possibility of finding a Hausdorff realcompactification
for an arbitrary Hausdorff space X, even when X is regular. For, let X be Hewitt’s
space discussed in Example 3. If X is dense in some Hausdorff realcompact space
T, then every real continuous function on T is also constant; hence T is pseudo-
compact, hence compact, and the subspace X is completely regular, which is absurd.
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